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In this paper, by means of weight functions and Hermite--Hadamard's inequality, and introducing a discrete interval variable, a more accurate half-discrete Hardy--Hilbert-type inequality related to the kernel of arc tangent function and a best possible constant factor is given, which is an extension of a published result mention in Yang and Debnath ([@CR19]). The equivalent forms and the operator expressions are considered.
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*Proof* {#FPar5}
-------
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**Lemma 3** {#FPar6}
-----------
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*Proof* {#FPar7}
-------
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Main results and operator expressions {#Sec3}
=====================================

**Theorem 1** {#FPar8}
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*Proof* {#FPar9}
-------

By Hölder's inequality with weight (cf. Kuang [@CR10]), we have$$\documentclass[12pt]{minimal}
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**Theorem 2** {#FPar10}
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*Proof* {#FPar11}
-------
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Then we can rewrite ([17](#Equ17){ref-type=""}) and ([18](#Equ18){ref-type=""}) as follows:$$\documentclass[12pt]{minimal}
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**Definition 2** {#FPar13}
----------------

Define a half-discrete Hardy--Hilbert-type operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (T_{2}a,f):=\int _{0}^{\infty }\left[ \sum _{n=1}^{\infty }\arctan \frac{\rho }{(x^{\delta }\widetilde{V}_{n})^{\gamma }}a_{n}\right] f(x)dx. \end{aligned}$$\end{document}$$

Then we can rewrite ([17](#Equ17){ref-type=""}) and ([19](#Equ19){ref-type=""}) as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{2}$$\end{document}$ as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ||T_{2}||:=\sup _{a(\ne \theta )\in l_{q,\widetilde{\Psi }}}\frac{||T_{2}a||_{q,\Phi _{\delta }^{1-q}}}{||a||_{q,\widetilde{\Psi }}}. \end{aligned}$$\end{document}$$Then by ([36](#Equ36){ref-type=""}), we find $\documentclass[12pt]{minimal}
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*Remark* {#FPar14}
--------
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                \begin{document}$$\begin{aligned} \sum _{n=1}^{\infty }\int _{0}^{\infty }\arctan \left( \frac{\rho x^{\gamma }}{\widetilde{V}_{n}^{\gamma }}\right) a_{n}f(x)dx<\frac{\rho ^{\sigma /\gamma }\pi }{2\sigma \cos (\frac{\pi \sigma }{2\gamma })}||f||_{p,\Phi _{-1}}||a||_{q,\widetilde{\Psi }}. \end{aligned}$$\end{document}$$

\(ii\) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta =1$$\end{document}$ in ([17](#Equ17){ref-type=""}), we obtain the following inequality with the non-homogeneous kernel:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{n=1}^{\infty }\int _{0}^{\infty }\arctan \frac{\rho }{(x\widetilde{V}_{n})^{\gamma }}a_{n}f(x)dx<\frac{\rho ^{\sigma /\gamma }\pi }{2\sigma \cos (\frac{\pi \sigma }{2\gamma })}||f||_{p,\Phi _{1}}||a||_{q,\widetilde{\Psi }}. \end{aligned}$$\end{document}$$(iii) For $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{\mu }_{n}=0(n\in {\mathbf {N}})$$\end{document}$ in ([17](#Equ17){ref-type=""}), we have the following inequality:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\sum _{n=1}^{\infty }a_{n}\int _{0}^{\infty }\arctan \rho \left( \frac{x}{n}\right) ^{\gamma }f(x)dx \nonumber \\ &= \int _{0}^{\infty }f(x)\sum _{n=1}^{\infty }\arctan \rho \left( \frac{x}{n}\right) ^{\gamma }a_{n}dx \nonumber \\& < \frac{\rho ^{\sigma /\gamma }\pi }{2\sigma \cos (\frac{\pi \sigma }{2\gamma })}\left[ \int _{0}^{\infty }x^{p(1+\sigma )-1}f^{p}(x)dx\right] ^{\frac{1}{p}}\left[ \sum _{n=1}^{\infty }n^{q(1-\sigma )-1}b_{n}^{q}\right] ^{\frac{1}{q}}, \end{aligned}$$\end{document}$$which is a particular case of Example 3.2 in Yang and Debnath ([@CR19]) for $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\lambda }(x,n)=\arctan \rho \left( \frac{x}{n}\right) ^{\gamma }$$\end{document}$.

We still can obtain some inequalities in Theorems 1--4, by using some particular parameters.

Conclusion {#Sec4}
==========

By means of the technique of real analysis, weight functions and Hermite--Hadamard's inequality, and introducing a discrete interval variable and parameters, a more accurate half-discrete Hardy--Hilbert-type inequality related to the kernel of arc tangent function and a best possible constant factor is given. The equivalent forms and the operator expressions are also considered. The method of weight functions is very important, which is the key to help us proving the main results with the best possible constant factor. The lemmas and theorems provide an extensive account of this type of inequalities.
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